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ABSTRACT 
In this report, an approximate analysis for the three-ended 
crack in a welded 1-shaped beam under cyclic bending, typical of a. 
crack which extends through the center of a girder flange and into 
the web, is made by using fracture mechanics technique. 
The flange and web cracks are treated as separate plane crack 
problems and the interaction between these cracks is obtained from the 
compatibility of openings of the flange and the web cracks. 
The idea of the crack opening stretch is applied to the 
analysis and understanding of crack growth behavior during cyclic 
loading (high and low cycle fatigue) • 
. -1-
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1. INTRODUCTION 
One of the most serious crack flaws ·found in structures is 
a three-ended crack, which is a through~crack in the center of the 
flange and also progressed into the web, as shown in Fig. 1. 
The flange crack is considered to be a central crack in a 
finite-width plate under uniform tension (with or without residual 
stresses) and the web crack is treated as half of a centrally cracked 
sheet with the flange on the bisection centerline of the sheet {Fig. 1). 
The effect of curvature of this line due to beam bending may be con-
sidered small. 
The main interaction requirement between the flange and web 
cracks may be regarded as the equality of opening-direction displace-
ments of the flange and of the web along the interaction centerline •. 
However, the complexity is such that the representation of this 
assumption actually employed must be considerably simplified. 
In the approximate analysis made in this report, the inter-
action force is assumed to be distributed only on the plane of the 
cracks and the openings are taken at the center of this span. The 
magnitude of the interaction force is adjusted to make this center 
point opening the same for the flange crack and the web crack. 
358.11 
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It is expected that this first approximation will furnish a 
good estimation of the influence of the. interaction between the cracks. 
An· additional set of interaction forces would be required to establish 
a complete matching of the displacements of the flange and the web 
along the interaction centerline. However, these forces will be smaller 
than the interaction force used in the first approximation, and will be 
partially self-canceling in their effect on it due to their greater 
separation from the cracks. 
Thus, the flange and the web may be treated as separate problems 
with an adjustable central closing force being added to one crack and 
the same force, as opening force, to the other crack. Noting that the 
elastic crack opening for each geometry and loading configuration is 
proportional to each applied load, this interaction force is obtained 
by simply equating the center openings of the cracks, that is, no 
iterative procedure, as was made by Madison (1), is needed. 
In real structures subjected to low-cycle-fatigue, the 
yielding of the material frequently develops across the large sections 
of components. For this reason a plasticity type characterization, 
which can be employed after general yielding as well as before, and 
which is indicative of severity of the cyclic straining near the leading 
edge of the crack is needed. The crack opening stretch, 6, is a simple 
characterization having such capabilities. A close relationship can be 
retained to characterizations using the stress intensity factor, K, and 
the crack extension force, ~' because of a simple proportionality 
between the plasticity, ry, corrected ~values and 6 up to stress 
levels nearly large enough for general yielding. 2 
I . 
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2. BASIC EQUATIONS IN FRACTURE MECHANICS 
It is convenient to use Westergaard type stress functions(4) 
to analyze the two-dimensional crack problems, when the external loads 
are applied symmetrically with respect to the x-axis, along which 
cracks are located (Fig. 3). 
For the crack problems of the tensile opening mode, which is 
the most common mode of fracture and is called Mode I fracture, (4) 
the Airy's stress function, F·(v4F = 0), is assumed as 
= 
F = Re Z + y Im Z (1) 
The stresses are calculated by 
CJ = Re z - y Im z' X 
CJ = Re z + y Im z' y (2) 
'T = - y Re z' xy 
and the displacements in the x- and y-directions are, for plane stress 
condition, 
Eu = (1 - v) Re Z - (1 + v)y Im Z 
Ev = 2 Im Z 
where Z(z) is a function of z 
(1 + v)y Re z 
= 
= x + iy and dZ = dz 
dZ 
Z, dz = 
(3) 
dZ z and-= z' •. dz 
The proper choice of the Westergaard stress function, Z(z), 
gives solutions for a variety of situations. Once the function Z(z) 
.-4 
.. 
• 
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is known, the crack tip stress field is determined by the Equations (2) 
as functions of the coordinate with a field parameter, K, which is a 
constant for a given geometry and loading configuration and termed the 
"stress intensity factor". (5) 
The stress intensity factor, K, is calculated from Z(z) as 
follows: 
(4) 
where z1 is a complex position vector measured appropriately from the 
tip of the crack (Fig. 3). 
Irwin(5) treated the Griffith theory( 6) strain energy release 
rate, r!t, as a generalized force, the "crack extension force", and 
developed the relationship between K and r!f. For plane stress 
K2 
r!t = - (5) E 
The linear elastic fracture mechanics analysis described above 
does not include the effect of plasticity which occurs near the crack 
tip. The treatment of this effect by correction to the crack length 
in the following way has been helpful to extend the range of usefulness 
of the lin~ar analysis and to estimate its applicability limits. 
The addition of ry to the crack length·gives the leading edge 
of the analysis model a central position within the crack border plastic 
zone, where ry is, from Equations (4) and (2), given by 
.. 
• 
... 
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(6) 
and cry is the yield strength of the material (Fig. 4). 
The linear elastic equation for the displacement, v, at a 
distance r from the leading edge of the analysis model crack is, from 
Equations (4) and (3), 
= ~ ~ '"'2--
v nE" nr (for plane stress) (7) 
A length factor, 6, defined as the value of 2v when r = ry, 
4 6 = -
TT E cry 
or (for plane stress) (8) 
is termed the "crack opening stretch" (Fig. 4). 
The validity of Equation (8) was found to be satisfactory up 
to stress levels nearly large enough for the general yield, provided 
that the K (or ~) values are calculated using the crack size correction 
factor, ry, given by Equation (6). (2) 
In other words, although the elastic stress intensity factor, 
K, itself will lose its clear physical meaning for such large scale 
yielding, the expression for K obtained by the elastic analysis remains 
useful to estimate the severity of the straining near the edge of the 
crack • 
• 
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3. ANALYSIS OF THE THREE-ENDED CRACK 
The configuration of the problem to be analyzed is shown in 
Fig. 1. 
The basic ideas of theanalysis described in Chapter 1 are 
summarized as follows: 
1. Treat the flange and the web separately as plane 
problems. 
2. Find the crack openings in the flange and the web 
for the specified crack lengths. 
· (a) The cracked sections in both the flange 
and the web are elastic. 
(b) The cracked section of the flange is in 
the general yield condition. 
3. From the compatibility of the openings (an approximate 
boundary condition), find the interaction force between 
them. 
4. Calculate the crack opening stretches (6f and 6w) 
corresponding to the maximum load and the ranges of 
the crack opening stretches (6 6f and 6 6w) 
corresponding to the range of the load • 
-7 
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5. b's are expected to be related to the static failure 
or the final instability of the crack, and ~ 6's are 
expected to be closely related to the cyclic behavior 
(the crack growth rates). 
-8 
3.1 Assumptions 
The three-ended crack, shown in Fig. 1, was analyzed using the 
simple assumptions, described in Chapter 1, for the interaction between 
the flange crack and the web crack. 
The further assumptions made are as follows: 
1. The welded I-shaped beam analyzed is subjected to a 
constant maximum bending moment and a constant cyclic 
range of bending moment resulting in an applied maximum 
skin stress, a, and a cyclic range of skin stress, ~a. 
Thus, a and ~a correspond to the maximum uniform 
tension and the cyclic range of uniform tension, 
respectively, for the flange. 
2. Both the flange and the web plates are in the plane 
stress condition. 
3. The cracks, which started at the center of the tension 
flange and propagated into the web, are propagating 
symmetrically in the flange, as shown by the shaded 
area in Fig. 5. 
4. The ratio of the crack length to the plate width in the 
web remains small even after the general yielding occurs 
358.11 
• 
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in the flange, so that no movement of the neutral axis 
of the beam due to the effect of the cracks and plasti-
city occurs, and the compression side of the beam is not 
included in the analysis. 
5. The residual stress distributions by welding both in the 
flange and the web are simple, self-balanced rectangular 1 
patterns with the tensile residual stress equal to 
6. 
the yield strength, cry, (Fig. 6). By this assumption, 
the residual stresses effect only on the static behavior 
of the beam and have no effect on range of 6 for cyclic " 
behavior. (The portions under the tensile residual 
stress cry will carry the compressive load in the same 
manner as the elastic portions). 
After the general yielding occurs in the cracked section 
of the flange, this section can carry only the load 
equal to the yield strength times the net section area 
and the rest of the load should be transmitted to the 
web. When this case occurs, the analysis will be made 
only for the web (which remains elastic) with this 
interaction force distributed on the plane of the crack, 
and the crack opening dislocation of the flange crack is 
assumed equal to the central opening of the flange crack 
(i.e., the opening of the web crack at the edge). 
7. For the cyclic loading, since the most of the cracked 
section of the web remains elastic even after the general 
yielding occurs in the flange for the maximum load (the 
358.11 
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assumptions 5, 6) nothing related to the cyclic behavior of 
the beam (i.g., the crack propagation rate etc.) will be 
different from the situation before the general yielding. 
8. Since, for most ordinary .structural materials, 
crult/2cry < 1, the final failure will occur before 
compressive yielding occurs in the cracked section of 
the flange for the minimum loading. Thus, the analysis 
of this case will be excluded. 
9. The effect of the residual stress and strain behind the 
growing crack is not taken into account. 
3.2 Determination of the Interaction Forces 
The interaction forces may be (as described in Chapter 1) 
determined approximately by the consistency of the crack openings at 
the center of the flange crack (or at the edge of the web crack). 
3.2.1 The Interaction for the Maximum Load 
This condition for the maximum load (or for the static 
behavior) is expressed as 
u = u f w (9) 
where 2Uf and 2Uw are the total openings of the flange and 
the web crack, respectively, at the center of the flange 
crack. 
The uf and uw are given in the following forms including 
the unknown interaction forces in the third terms in both 
expressions. 
358.11 
-
• 
-11 
(10-f) 
U =U 1 +u 2 +u 3 w w w w (10-w) 
where the first terms ufl and uwl are the openings due to the 
applied load (bending moment), which are related to the 
residual stress distribution patterns under the assumption 
(5) in Section 3.1, the second terms uf2 and uw2 are the 
openings due to the residual stresses, and the third terms 
uf3 and uw3 are the openings due to the unknown interaction 
forces. All the U's above are the functions of the geometry 
(crack lengths) and the loading configurations, the expressions 
of which will be given below in Section 3.4. 
The interaction forces before the general yielding 
occurs in the flange, P, are assumed to be distributed 
uniformly on the area 2Bf. 2Bw at the central po~€~on of 
the flange crack (Fig. 5), i.e., 
(11) 
where 2Bf and 2Bw are the thicknesses of the flange .. and th~ . ·cc·d 
web, respectively. In the following analysis, p will be 
used in place of P as the interaction between the flange 
and the web. 
To determine the interaction p, it is convenient to 
express the Equations (10) in the following way by tqking 
out the scaling factors (cr wf/E) and (d ww/E), i.e., 
·-;.--...... 
358.11 
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ow· 
uf = (-f) vf E (12- f) 
0 w 
u = (~) . v 
w E w 
(12-w) 
and 
0 
(.!:) vf = vn + (_I) v f2 + vf3 (j (j (13-f) 
0 
(.!:) v = v + (_I) v - vw3 w wl 0 w2 (j (13-w) 
where Wf and Ww are the widths of the flange and the web, 
respectively. 
Then the condition (9) becomes 
(14) 
From Equations (14) and (13), the ratio of the interaction, 
p, to the applied skin stress, cr, corresponding to the maxi-
mum bending load is calculated by 
w (j (j 
(Ww)(Vwl + (_I) vw2} - (v n + (_I) vf2} (j (j 
(£) f (15) = (j w 
vf3 + (....!!) vw3 
. wf 
After the general yielding occurs in the cracked section 
of the flange, the expression of the interaction should be 
modified. Assuming the cracked section of the flange can 
carry only the load equal to the yield strength times the 
net section area, and the rest of the load corresponding to 
the maximum bending load, i.e., 
358.11 
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.. 
should be transmitted to the web, where 2 afo is the length 
of the flange crack. This interaction force is assumed 
again to be distributed on the area 2 Bf • 2 Bw at the edge 
of the web crack. 
-13 
Once the interaction p is determined, then the separate 
analyses can be made for the flange and web. 
3.2.2 The Cyclic Range of the Interaction 
For the cyclic loading, under the assumption (5) in 
Section 3.1, replacing a, p, and Vf, Vw by the cyclic range 
of them, i.e., by~ a(= a- amin), ~ p(= p- pmin) and 
~ Vf(= Vf- Vf . ), ~ V (= V - V . ), respectively, and 
m1n w w wm1n 
dropping the terms related to the residual stresses, the 
ratio of ~ p to ~ a is, in quite a similar manner, calculated 
by, 
w 
(~) ~vwl- ~vfl 
w 
(17) 
w ~ vf3 + Cwf) ~ vw3 
The expressions of ~ V's will be given later in Section 3.4 
together with those of V's. 
For the minimum load, by the assumption (8) in Section 
3..1, since the cracked section of the flange does not go into 
the compressive general yielding, no calculation corresponding 
to Equation (6) is needed. 
• 
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3.3 Estimation of the Crack Opening Stretch 
As was mentioned in Chapters 1 and 2, the expression of the 
linear elastic stress intensity factor, K, calculated for the ry 
corrected crack length is useful to estimate the severity of the 
straining near the crack tip for the large scale yielding as well as 
for the small scale yielding. 
Since a length factor, called the "crack opening stretch", 
which will be used as a characterization of the strain field near the 
crack tip, can be calculated directly from this K (Equation (8)), the 
elastic analysis of the problem should be made first. 
In the following analysis, the common subscripts used in the 
previous section will again be employed. 
3.3.1 The Maximum Crack Opening Stretches 
The total stress intensity factors for the flange, 
Kf' and for the web, Kw' at the maximum load (which will be 
related to the static behavior) are given in the forms 
corresponding to Equations (10), 
(18-f) 
(18-w) 
or the taking out the scaling factors (cr /Wf) and (cr ~), 
i.e. , 
Kf = (cr /Wf) kf 
Kw = (cr ~) kw 
(19-f) 
(19-w) 
-14 
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• 
and 
cr 
kf = kfl + (_I) kf2 + (E) kf3 cr cr (20-f) 
cr (~) k = kwl + (_I) k - kw3 w cr w2 cr (20-w) 
Substituting the values of E determined by 
cr 
Equation (15) into Equations (20), the maximum crack 
opening stretches for. the flange, 6f' and for the web 
ow' in plane stress conditions are calculated by 
Equation (8) as 
2 
4 Kf 4 crW k 2 
of --.-- = - (£_)(--f) (21-f) n E cry n cry E f 
K 2 
4 crW k 2 0 4 w (Q_) (--w) (21-w) = --- =-
w n E cry n cry E w 
In the preceding calculations, the ry-corrected 
crack lengths should be used, i.e., 
(22-w) 
-15 
where 2afo and awo are the original (actual)- crack lengths 
in the flange and the web, respectively, and the plasticity 
corrections rYf and rYw are calculated by Equation (6) 
as 
1 K 1 (£-)2 w k 2 
rYf 2n 
(_!) 2 
2n cry cry f f 
(23-f) 
1 K 1 (£_) 2 w k 2 
rYw = 2n (~)2 2n cry cry w w (23-w) 
.. 
358.11 
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Since Equations (23) include ry's implicitly, to 
obtain the ry's, the iterative procedures between 
Section 3.2 (Equation (15)) and this section (Equations 
(20) and (23)), starting with the original crack lengths, 
are necessary. 
Once the ry's are determined for the given loading 
and geometry configurations, the interactions p, by 
Equation (15), and the crack opening stretches o's, 
by Equations (21), are calculated. To calculate o's 
-16 
from ry's, it is convenient to use the relations given below 
by Equations (21') which are obtained by comparing Equation1'1 
(21) and (23) • 
of 
8 cry 
(21 1 -f) = rYf E 
8 cry I 
0 = rYw (21 -w) w E 
When the general yielding ·occurs in the flange at the 
cracked section, the analysis will be made only for the web 
using the interaction force given by Equation (16) and by 
the asumption (6) in Section 3.1. The crack opening stretch 
for the flange of is given by 
while the o is given by Equation (21-f). 
w 
(21"- f) 
The expressions of K's needed in the calculations 
above will be given in Section 3.4. 
.. 
.. 
• 
•• 
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3.3.2 The Interpretation of the Cyclic Ranges of the Crack 
Opening Stretches 
-17 
Before calculating the cyclic ranges of the crack opening 
stretches, ~ 6~ some interpretation of it should be given here. 
Regarding unloading as superposition of a reversal load 
with the yield strength equal to twice the initial yield 
strength(?), the Equation (8) gives a prediction of the 
hysteresis loop of the crack opening stretch on unloading and 
· reloading with the crack length unchanged. (8) By this concept, 
on unloading the crack tip opening closes only by a fraction 
of the opening on the initial loading and on reloading it goes 
back to the initial opening. This amount of cyclic closing 
is defined as the (cyclic) "range of the crack opening stretch", 
which is expected to be related to the fatigue crack propagation 
rate. 
This assumption extends the applicability of Equation 
(8) for the cyclic behavior because of the two times yield 
strength in the reverse direction. 
A schematic interpretation of ~ 6 for a simple cyclic 
load is given with the relations to ~~and 6 K in Fig. 7. 
3.3.3 The Cyclic Ranges of the Crack Opening Stretches 
For the cyclic loading, the ranges of the stress 
intensity factors, 6 Kf and 6 Kw' are calculated similarly 
• 
.. 
.. 
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in the form corresponding to Equation (18) with the terms 
related to the residual stresses being dropped, 
(24-f) 
(24-w) 
using the scaling factors (~ cr!W£) and (~ cr;w;), 
(25-£) 
·~ K = (~ cr.fif) ~ k 
w w w 
(25-w) 
and 
(26-f) 
~ k = ~ k - (~) ~ k 
w wl ~ cr w3 (26-w) 
Substituting (~P /~ cr) obtained by Equation (17) into 
Equation (26), the ranges of the crack opening stretches are 
given by 
4 (}J;L) ( ~ 
cr _. wf 2 
=- E ) ~ kf (27-f) rr 2 cry 
4 
.f.LQ_ ~cr.W k 2 w) (27-w) rr (2 cr ) ( E ~ w y 
For. the reason given in 3.3.2 the yield strength 2 cry is used 
in place of cry in Equation (27). 
.. 
.. 
... 
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In the calculations, the ~ ry-corrected crack lengths 
should be used, i.e., 
(28- f) 
a = a + ~ rYw w wo (28-w) 
where the ranges of the plasticity corrections are given by, 
from Equation (6) with cry being replaced by 2 cry, 
1 ~ Kf 2 1 (1LSI_)2 2 ~ rYf =- (-) = wf ~ kf 2n 2 cry 2TT 2 cry (29- f) 
1 ~K 1 (fl.:!_) 2 k 2 ~ rYw =- (~)2 w 2TT 2 cry 2TT 2 (Jy w ~ w (29-w) 
To obtain~ ry's the iterative procedures between 
Equation (17) and Equations (26) and (29) are again needed, 
and ~ o 1 s are obtained from these ~ r 1 s y by 
~ of 
8 (2 cry) 
= b. rYf E (27
1
-f) 
~ 0 
8 (2 cry) 
= ~ rYw w E (27
1
-w) 
-19 
The expressions used in the above calculations will be 
given in Section 3.4. 
3.4 Expressions for the Openings and the Stress Intensity Factors 
In Sections 3.2 and 3.3 
Since the configurations to be analyzed (Fig. 6) are made up 
by the combinations of the four basic configurations shown in Fig. 8 
(a)-(d), though (a) and (c) are special cases of (b) and (d) 
• 
. ., 
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respectively, the analyses of these four patterns may be sufficient to 
give the expressions required in Sections 3.2 and 3.3. 
The Westergaard stress function approach given in Chapter 2 
is used and the finite width effect of the plate is replaced approxi-
mately by the periodic co-linear crack problem which satisfies one 
of the two boundary conditions on the free edge, ~ = 0, identically. 
xy 
The replacemehts are expected to be good approximations for the 
patterns (a) and (b) and some\vhat crude but still good for the patterns 
(c) and (d) when the crack lengths are small compared ot the widths 
of the plates. 
The Westergaard stress functions given for the configuration 
in Fig. 9 by Irwin(S) 
Z(z) 
and 
Z(z) 
2P 
w 
Jz(z) dz 
cos 
nb 
w 
2P 
TT 
Jc . na) 2 sln-w 
arc tan 
( . nb)2 - sln-w 
1 ( TTa/ TTb)2 
- cos w cos w 
( na1 nz)2 1 cos w- cos w -
(30) 
(31) 
or the expressions of the crack opening at the center and the stress 
intensity factor derived from the above functions using Equations (3) 
and (4), 
• 
• 
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and 
4 p U = --- arc cosh 
TT E 
na tan--W ( nb) 
tan-
w 
2 p K=-
W jw na tan-w 
TTb 
cos-w 
are used as the Green's functions of the problem. 
-21 
(32) 
(33) 
Only the results calculated for the approximate analysis models 
are given below without the details of the calculation. 
(a) The case shown in Fig. 8(a) 
The crack opening at the center: 
2 TT Va (A) = ; arc cosh (sec 2 A) 
The stress intensity factor: 
where 
K (a, W, A) = (a /W) k (A) 
a a 
ka (A) = )tan ¥ A 
A = 2a w • 
(34) 
(35) 
.. 
• 
.. 
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(b) The case of Fig. 8(b) 
The crack opening at the center: 
ub (a, w, A, B) 
2 B 
Vb (A, B)= ni arc cosh 
TT 
tan 2 A 
( TT ) dX 
tan 2 X 0 
The stress intensity factor: 
Kb (a, W, A, B) = (a /W) kb (A, B) 
kb (A, B) 2 = - arc sin TT 
• TT B 
sw 2 ( ) Jtan -2TT A TT 
sin 2 A 
where A= ~a and B = ~b • 
(c) The case of Fig. 8(c) 
The crack opening at the center: 
u (a, w, A) = (cr w) v (A) 
c E c 
2 A . 
Vc (A) = ; J (1 - 2X) arc cosh 
0 
The stress int.ensity factor: 
K (a, W, A) = (a /W) k (A) 
c c 
TT 
tan 2 A 
( TT ) dX 
tan 2 X 
-22 
(36) 
(37) 
(38) 
• 
.. 
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A 
Kc(A) =/tan¥ A I (1 - 2X) 
0 
cos¥ X 
--;:================ dX 
/(sin¥ A) 2 - (sin f X) 2 
1 
/ 
n A (1 4 r . ( . n . n )d } tan 2 - TI . arc s~n sm 2 A • s~n 2 t t 
0 
where A = 2a 
w 
(d) The case of Fig. 8(d) 
The crack opening at the center: 
U ( W A B) = (crEW) v.d (A,B) d a' ' ' 
2 B 
vd (A, B) = -I (1 - 2x) 
n 0 
arc cosh 
The stress intensity factor: 
Kd (a, W, A, B) =(a /W) kd(A,B). 
n 
tan zA 
( n ) dX 
tan 2X 
n 
(40) 
J 
B cos 2 X 
kd (A,B) = tan f A I (1 - 2X) 
0 1 sin ¥ A) 2 - . (sin ¥ X) 2 
(41) 
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(39) 
(39') 
dX 
= Jtan ¥A(~'<"-~ ~*arc sin(sin fA· sin ¥t)dt} 
where A = 2a and B 2b 
w w 
* = l arc sin 
n 
. n s~n 2 B 
( n ) 
sin 2 A 
(41') 
The integrations in vb, vc, vd and kc' kd are calculated 
numerically • 
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• The expressions of the openings and the stress intensity factors 
to be given in Sections 3.2 and 3.3 are as follows: 
For the flange (Fig. 6(a)): 
The openings are 
Af :o;; Brf 
(42-f) 
Af > Brf 
Af :o;; Brf 
(43-f) 
Af > Brf 
(44-f) 
and 
(45-f) 
(46-f) 
The stress intensity factors are 
= {(: + "'£)[ka 
Af s;; Brf 
kfl (47-f) 
(A f) - kb (Af' Brf)} Af.> Brf 
{ ka (A£) Af s;; Brf 
kf2 = (48-f) (1 + af) kb (Af, Brf) - af ka (A f) Af > Brf 
kf3 = kb (Af' Bwf) (49-f) 
and 
Llkfl = ka (A f) (50-f) 
t.kf3 = kb (Af' Bwf) (51-f) 
.. 
.. 
• 
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• 
where 
For the web (Fig. 6(b)): 
The openings are 
0 
V (A ) - Vd (A , B ) 
c w w rw 
+a (1- B )[V (A) - Vb (A, B )} 
w rw aw w rw 
The stress intensity factors are 
0 
-25 
A ::5; B 
w rw 
A > B 
w rw 
(42-w) 
A ::5; B 
w rw 
A > B 
w rw 
(43-w) 
(44-w) 
(45-w) 
(46-w) 
A ::5; B 
w rw 
A > B 
+ a (1 - .B ) [k (A ) k (A B ) } w rw 
w rw a w - b w' rw 
(47-w) 
• 358.11 
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k (A ) 
a w 
A =s;; B 
w rw 
(1 + a ) kb (A , B ) - a k (A ) 
w w rw wa w 
A > B 
w rw 
(48-w) 
(49-w) 
and 
l:!kwl = k (A ) c w (50-w) 
l:!kw3 = kb (A ' Bfw) w (51-w) 
where 
a brw 
A w B = w' = w rw w w w 
1 aw Bf 
2 1 + a and B fw W 
w w 
The calculations can be made for any combinations of the 
dimensions of the beam, the sizes of the cracks and the residual stress 
distribution patterns (when no residual stresses exist, a's are simply 
replaced by zero) and the loading conditions. If the interactions p 
and i\p are taken as zero, the analyses are made for the two independent 
plates. That is, the effect of the interaction is estimated by com-
paring the cases with the interaction included with the independent 
analyses of the flange and the web, and the effect of the residual 
stresses is estimated from the analysis with and without a's • 
• 
.. 
• 
.. 
• 
• 
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4. APPLICATIONS 
The analysis made using the fracture mechanics technique in 
Chapter 3 is applied to the welded I-shaped beam with a three-ended 
crack studied by Marek et al. (9) 
4.1 The Description of Data Input 
The following input data are given. 
1. The properties of the material (ASTM A514 steel) 
E = 30 X 103 ksi 
(Jy = 110.2 ksi 
0
ult = 118.2 ksi 
2. The dimensions of the beam section (Fig. l(a)) 
wf = 6.82 in. 
w = 13.47 in. 
w 
2Bf = 0.394 in. 
2B = 0.30 in. 
w 
3. The loading condition (Fig. l(b)) 
a = 36.2 ksi 
~a = 22.6 ksi 
. 4. The residual stress distribution pattern (Fig. l(c)) 
Simulating the data observed by Marek( 9) and 
Lozano, (lO) assume af and aw as follows: 
-27 
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a = 1/6 f 
a = 1/8 
w 
5. The combinations of the crack lengths 2afo and awo (Fig. 
(Fig. l(a)). 
The beam tested had an initial three-ended crack 
as a result of a fatigue test done previously under a 
different loading condition. 
The combinations and the number of cycles given 
below are taken from the report by Marek et al(9) and 
shown in Fig. 10. 
2afo a 
A wo N A = -- = --fo wf wo w w 
0.227 0.080 0 
0.250 0.085 
""' 4,000 
0.30 0.093 
""' 
11,000 
0.35 0.102 
""' 
19,000 
0.40 0.111 
""' 26,500 
0.45 . 0. 120 
"" 
34,000 
0.50 0.127 
"" 
40,000. 
0.55 0.133 ""' 45,000 
0.60 0.137 ""' 48,500 
0.65 0.141 51,500 
0.70 0.143 ""' 53,500 
0.75 0.1445 ""' 54,800 
0.80 0.146 
""' 56,000 
""' 0.82 -0.150 ""' 56, 900.'>'( 
* The final failure of the flange 
.. 'ioiD 
• 
• 
• 
. 
.. 
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It is noted that the flange crack is not propagating 
symmetrically(9) and that it is regarded as a symmetrical 
crack of the total length 2af
0
• 
4.2 Numerical Calculations 
The numerical calculations are carried out by the use of a 
CDC 6400· computer for the following cases. 
1. Independent analyses of the flange and the web 
(without interaction, i.e., p = 0 and 6p = 0) 
(a) With no residual stresses present (af = aw = 0) 
(b) With residual stresses (under the assumption (5) 
in Section 3.1) 
(c) With residual stresses unchanged during cyclic 
loading. 
2. Combined analyses of the flange and the web (with the 
interaction included) 
(a) Without residual stresses (af = aw = 0) 
(b) With residual stresses (under the assumption (5) 
in Section 3.1) 
(c) With residual stresses unchanged during cyclic 
loading. 
It should be noted that the combinations of the crack lengths 
for the cases (2a) and (2c) may be somewhat different from those 
observed, which are given in the previous section and expected to be 
close to the case (2b). However, the difference is expected to be 
• 
• 
• 
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small between the cases (2a) and (2b) considering the cyclic behavior 
under the assumption (5) in Section 3.1. Therefore, the direct 
comparison between (2a) and (2b) for the maximum load will give the 
effects of the residual stresses on the static nature. (The case 
(2c) is exactly the same as the case (2b) for the maximum load). 
Under the same assumption ((5) in Section 3.1), the cyclic 
behaviors are not influenced by the presence of residual stresses, 
that is, there is no difference in cyclic nature between (2a) and 
(2b) and between (la) and (lb). It is felt, however, that there 
-30 
may be some effects of the residual stresses, and the possible maximum 
effects may be given in the case where the residual stress distri-
bution patterns remain unchanged during loading and unloading. This 
case, of course, seems to be unrealistic and again will make the 
combinations of the crack lengths different from those observed 
(for the case (2b)), but will give some information with the effects 
of residual stresses on the cyclic behavior (crack growth rates). 
That is, the direction of the effects of residual stresses on crack 
growth rates will be given by comparing (2b) and (2c). (The case 
(2a) is exactly the same as the case (2b) for the cyclic behavior). 
By the reason given above, the calculation of the case (2c) 
is added, and for the sake of comparison the case (lc) is also added. 
It is noted that, for the maximum load, (lb) and (lc) are the same, 
and that, for the cyclic behavior, (la) and (lb) are the same • 
• 
• 
• 
• 
• 
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The calculations of (lc) and (2c) for the cyclic behavior 
are not included in the analyses in Chapter 3, but can be made simply 
replacing cr and cry by 6cr and 2cry' respectively, in the analyses done 
for the maximum load. 
The results of the numerical calculations are given in 
Figs. 11 through 18 • 
• 
• 
• 
• 
• 
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5. RESULTS AND DISCUSSION 
The results of the numerical calculations are given in Figs. 
ll through 18. The discussion will mainly be given on the flange 
crack. 
5.1 The Maximum Crack Opening Stretches J 
The maximum crack opening stretches may be related to the 
static behavior or the final failure of the beam. 
5.1.1 The Combination of 6f and 6w . 
The maximum crack opening stretches in the flange, 
6f, and the corresponding values of the web, 6w' are shown 
in Fig. 11. The effects of the interaction, the residual 
stresses and the plasticity are included, that is, the 
calculations were made for the case (2b) or (2c) in Section 
4.2. 
Although the calculations of 6f can be made for 
somewhat larger crack lengths than 2afoY corresponding to 
the general yielding, 6f should be calculated, after the 
general yielding occurs in the cracked section of the flange, 
by the assumption (6) in Section 3.l_(i.e. by Equations (16) 
and (21"-f) in place of Equations (15) and (21-f)). The 
. results of the calculation shows large discrepancy at 
afo = afoY between the values of 6f before and after 
.. 
• 
• 
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general yielding in the flange, that is, the 6f value after general 
yielding is about twice as large as the 6f value before. 
Since it is expected that Equations (15) and (21-f) will give 
a good estimation of the crack opening stretch of the flange, 6f' at 
(2) 
afo = afoY' and that, after general yielding, the larger the flange 
crack length is, the better the assumption (6) in Section 3.1 may be 
applied, the discrepancy between the two curves may be eliminated by 
connecting them smoothly. 
-33 
In the experiment, 2afoY/wf ~ 2/3 since ~~~y ~ 1/3, and the final 
failure occurred at 2afoY/lvf ~ 0.82. The range where the assumption (6) 
should be applied is comparatively small and the transition between the 
two curves may not be clear enough • 
For the web, the maximum crack opening stretch, 6 , remains 
w 
nearly constant until the general yielding occurs in the flange and 
since the cracked section of the web remains elastic, the transition 
occurs smoothly comparing with the flange. 
5 .1. 2 The Effects of Interactions, Residual Stresses and 
Plasticity on 6f and 6w 
The interactions between the flange and the web are 
calculated for the cases (2) in Section 4.2, and the results 
are shown in Fig. 12. The effects of the residual stresses 
and the plasticity (the ry-correction) on the interaction are 
demonstrated by the difference between (2a) and (2b), (2c) 
and between the solid lines and the dashed lines, respectively • 
358.11 
.. 
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The effect of the interaction on the crack opening stretches 
of the flange and the web are shown in Figs. 13 and 14, 
respectively, together with other effects. 
The maximum crack opening stretch of the flange for 
each case described in Section 4.2 is shown in Fig. 13. In 
the figure, the solid lines for the cases (2b), (2c) 
correspond to the case with total effects included. 
The effect of the residual stresses is given by the 
difference between the cases (2b), (2c) and the case (2a). 
The presence of the residual stresses gives more severity of 
the straining near the leading edges of the crack and its 
effect reduces with the increase of the crack length, i.e., 
the curve for (2b), (2c) approaches the curve for (2a) as 
the crack length increases. 
The effect of the interaction is given by the dif-
ference between the cases (2) and (1). In the cases (1), the 
flange was treated as an independent plate under the same 
loading condition as the cases (2) except that the inter-
action is zero. Comparing the curve for (2b), (2c) with 
the curve for (lb), (lc), the effect of interaction, as is 
expected from Fig. 12, is first in the direction to increase 
the severity of the straining near the crack tips and then 
changes the direction to decrease it as the crack length 
increases . 
• 
• 
• 
• 
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As for the difference between the cases (la) and (lb), 
(lc) which is the effect of the residual stresses, the 
similar explanation that given for the cases (2a) and (2b), 
(2c) may be give~. 
The effect of the plasticity is replaced by the ry-
correction to the crack lengths. Since ry is proportional 
to the crack opening stretch (Equations (21')), the change 
of which the crack length is similar to that of the crack 
opening stretch. In the flange, the effect of ry is mostly 
in the direction to increase the severity of the straining 
near the leading edges of the crack. 
Noting that the independent analysis of the flange 
with the residual stresses included, i.e., th~ case (lb), 
(lc), gives first somewhat smaller values of 6f than the 
cases (2b), (2c), and then gives the largest values of 6f 
(the severest condition) when the crack length becomes close 
to the general yielding condition, for the sake of the con-
servative design, the separate analysis of the flange with 
residual stresses may be sufficient for the static behavior 
of the beam (the flange). 
The maximum crack opening stretches of the web, 
corresponding to Fig. 13 for the flange, are shown in Fig. 14. 
Since quite the similar discussion to that given to the 
curves in Fig. 13 for the flange may be given to the curves 
in Fig. 14 for the web there may be no need to give much 
discussion on the web • 
• 
• 
• 
• 
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It should be noted that the ratio of the length of the 
web crack to the width of the web, a /w , did not change much 
wo w 
and remains small (0.08 to 0.15) while the crack ratio of the 
flange, 2af
0
/Wf' changed from 0.227 to the final failure of 
the flange (see Fig. 10) and that most of the cracked section 
of the web was always in elastic state during the cyclic 
5.2 The Ranges of the Crack Opening Stretches 
The ranges of the crack opening stretches are expected to be 
closely related to the cyclic behavior of the beam (e.g., crack growth 
rates) • 
5.2.1 The Combination of ~6f and ~6w 
The ranges of the crack opening stretches in the flange, 
~6f' and the corresponding values of the web, ~6w' are shown 
in Fig. 15. The effects of the interaction and the plasticity 
are included, and under the assumption (5) in Section 3.1 
there is no effects of the residual stresses on the ~6f and 
~6 , that is, the results correspond to the case (2b) (or 
w 
(2a)) in Section 4.2. 
Considering that the cyclic range of the applied 
stress, ~cr/cry' is only about 1/5 and that the web remains 
elastic even after the general yielding occurs in the cracked 
section of the flange, _~6£ and ~6w may be calculated by the 
• 
358.11 
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same equations (Equations (27)) throughout the test and the 
curves of Mf and b.Ow are smooth as shown in Fig. 15. 
The values of fj.Of are larger than the corresponding 
values of b.O and the difference is increasing with the number 
w 
of the load cycles (or the crack growths). The actual combin-
ations of the crack lengths of the flange and the web shown in 
Fig. 10 may be equivalent to the combinations of b,Of and b.Ow 
in Fig. 15. The discussion on the crack growth rates will be 
given later in Section 5.3. 
5.2.2 The Effects of Interactions, Residual Stresses and 
The ranges of the interactions between the flange and 
the web during cyclic loading are calculated for the cases (2) 
in Section 4.2, and the results are shown in Fig. 16. The range 
of the interaction force is calculated by Equation (11) replacing 
p, by !J.p. The influence of the residual stresses and the 
plasticity (the fj.ry-correction) on the range of the interaction 
may be seen from Fig. 16. It is noted that, by the assumption 
(5) in Section 3.1, the cases (2a) and (2b) give the same 
. 
results and that the effect of the residual stresses is in 
the opposite direction from that for the maximum crack opening 
stretches shown in Fig. 12. That is, the presence of the 
residual stresses will reduce the severity of the cyclic straining 
near the tips of the flange crack- or Mf while it increases the 
severity of the straining of for the maximum load. The 
• 
• 
• 
• 
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plasticity effect is small because the yield strength is 
doubled and the cyclic range of the applied load, 6cr, is 
small. 
The effect of the cyclic range of the interaction on 
6of and 60w are shown in Figs. 17 and 18, respectively, to-
gether with other effects. 
-38 
The cyclic range of the crack opening stretch of the 
flange, 60f' for each case described in Section 4.2 is shown 
in Fig. 17. In the figure, the curve for the cases (2a), (2b) 
is considered to correspond to the actual behavior under the 
assumption (5) in Section 3.1. 
The direction of the effect of the residual stresses 
may be given by comparing the curves for the case (2c) and those 
for the cases (2a), (2b). That is, the residual stresses 
will reduce the cyclic range of the crack opening stretch 
of the flange, ~of, throughout the test. This effect is in 
the opposite direction from that for· the maximum load and reduces 
as the crack length increases. 
The influence of the interaction is demonstrated by the 
difference between the cases (2) and (1). In the cases (1), the 
flahge was treated as an independent plate under the same 
loading condition as the cases (2) except that the interaction 
is taken as zero. Comparing the curve for (2a), (2b) with the 
curve for (la), (lb), it is seen that.the interaction acts in 
the direction to reduce ~of or the severity of the cyclic 
11 
• 
• 
• 
• 
• 
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straining near the leading edges of the flange crack for most 
range of the crack length. 
As for the comparison of the curve for (lc) with the 
curve for (la), (lb), quite the similar explanation to that 
given for the curves for (2c) and for (2a), (2b) may be made. 
The plasticity effect on 66f' whiah may be given by the 
~y-correction to the crack lengths (Equations (28)), is much 
smaller comparing with that on 6f, because of the relatively 
small cyclic range of the applied load (6cr/cry ~ 1/5, while 
cr/cry ~ 1/3) and the doubled yield strength. Since the results 
of calculations without the 6ry-correction is very close to the 
curves shown in Fig. 17, they are not demonstrated separately • 
Noting that the separate anlaysis of the flange ~vithout 
the effect of residual stresses (the cases (la), (lb)) gives 
the largest values of 66f for most range of the crack length 
(the severest cyclic straining condition), the conservative 
estimation of the crack growth rate may be made by the analysis 
for this simplest case (a plate with a central crack under the 
cyclic uniform tension, without the effect of the residuai 
stresses and the interaction). 
The cyclic ranges of the crack opening stretch of the 
web, corresponding to Fig. 17 for the flange, are shown in 
Fig. 18. Discussion on the curves in Fig. 18 for the web, 
may be made in quite a similar manner to that done on the curves 
in Fig. 17 for the flange • 
• 
• 
• 
• 
.. 
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5.3 The Crack Growth Rates 
The fatigue crack growth rates in the flange, daf
0
/dN, and the 
corresponding values for the web, da /dN, observed by Marek et al(9) 
wo 
are demonstrated in Fig. 19 by the two solid lines. In Fig. 20, these 
crack growth rates ~re plotted to the ranges of the crack opening 
stretches calculated for the case (2b) (or (2a)), that is, Fig. 20 is 
the combination of Fig. 15 and Fig. 19. 
In actual fracture or fatigue testing the crack growth rates of 
both ends of the crack are sometimes quite different. In fact, the 
flange crack was observed to be growing unsymmetrically(9) and, though 
the flange should be regareded as an eccentrically cracked strip during 
the test, for simplicity, regard the flange as a strip with a central 
crack of the total length observed, 2af
0
• Therefore, the flange crack 
growth rates, daf
0
/dN, plotted in Figs. 19 and 20 are actually the 
average value of both ends, i.e., 1/2 (d(2af
0
)/dn}. 
Considering that the cyclic range of the applied load is small 
(~alay ~ 1/5) and that, though the maximum applied load (a/cry ~ 1/3) 
gives the general yield condition to the cracked section of the flange 
for 2af
0
/Wf ~2/3, the cracked section of the web remains elastic even 
aft~r the general yielding occurs in the flange, and that the final 
failure occurred before the net section of the flange came into the 
compressive general yielding (it would occur for 2af
0
/Wf £0.9 because 
the yield strength is doubled for. the reversal load, i.e., 
~a/2ay ~ 1/10), the fatigue test by Marek et al(9) is considered to have 
.. 
• 
• 
• 
• 
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been done under the high-cycle-fatigue condition rather than the low-
cycle-fatigue condition most of the time. 
Paris(ll) found the close proportionality between the fatigue 
crack growth rate, da/dN, and the fourth power of the cyclic range of 
the stress intensity factor, ~' that is, 
(52) 
For st~els the numerical value of the constant of proportionality, c, 
in Equation (52) is in the following range when da/dN and 6K are in 
units of inch/cycle and ksi /in., respectively. 
C = (1.0 ~ 2.0) X 10- 12 (53) 
-12 
c = 2.0 x 10 gives the conservative estimation of the crack growth 
rate on all steels and Equations (52) and (53) gives a reasonable 
-6 
estimate for crack growth rates from 10 in/cycle up to final.failure, 
if bK < K and 6a < a , where Klc is the plane strain fracture Ic Y 
. (12) toughness of the materlal. 
The last statement in the previous paragraph may give the justi-
fication of the use of the relation given by Equation (52) even after 
the net section yielding of the flange occurs on the loading portion 
of load cycles. That is, even if the maximum applied load, a, is 
large enough to make the net section yield or anet ~ ay, when the 
cyclic range of the applied load, 6cr, is small enough to keep the net 
section elastic or to keep it from going into the compressive yielding, 
Equation (52) will not lose its validity. Noting that, for most 
practical structural materials, a 1 < 2ay, and that the yield u t 
.. 
• 
• 
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strength is doubled for reversal load, the final failure will occur 
before the net section goes into the compressive yielding. In other 
words, as long as the· final failure does not occur on loading (or 
until the final stage of the fatigue crack growth, where the crack 
growth rate increases rapidly to the final failure, is reached), 
Equation (52) may give good estimation of the crack growth rates. 
On the role which the maximum applied load may play on the 
fatigue crack growth rates, discussion will be given later. 
There have not been many works done on the lmv-cycle-fatigue 
crack gro>vth rate approached by the fracture mechanics technique. 
Yoshiki et al(l3) made the low-cycle-fatigue test on the central 
notched plate specimen under the loading condition cr ~ ~a ~ ay and 
observed that the low-cycle-fatigue crack growth rates might be 
expressed by Equation (52). On the crack growth rates on the final 
stage of the fatigue test, Gopala-Krishna(l4) has been doing the 
-42 
fatigue test on the double cantilever beam specimen giving a severe 
straining condition near the leading edge of the crack and the results 
show that Equation (50) does not hold. 
In this report, the crack opening stretch concept is used as 
the strain.field parameter near the crack tip in place of the stress 
intensity factor. By the simple relation between the cyclic range of 
the stress intensity factor, /§., and that of the crack opening stretch, 
(JZ, and that of the crack opening stretch, ~6, given by (from 
Equation (8) with replacements 6, K and cry by ~6, ~Z and 2 cry) 
• 
• 
• 
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(54) 
the relation between da/dN and 6K, Equation (52), is converted into 
the relation between da/dN and 66 as 
where 
da 
dN (52') 
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Thus, for the steel tested (cry"' 110 ksi, E "' 30 x 103 ksi) Equation 
(53) is converted into, taking the units of da/dN and 66 as inch/cycle, 
and in., respectively, 
c' = 26.8 ~ 53.6 (53 I) 
Noting that, while the dependency of & on cry is only the 
small plasticity adjustment to the crack length, 66 depends directly 
on cry, 66 may have the better meaning as a plasticity characterization 
of the severity of the cyclic straining near the crack tip. 
From the sloped portion of the curve of the flange crack growth 
rate in Fig. 20, c' in Equation (52') is taken as about 70 and the 
crack growth rate is given by 
(55) 
Using the calculated values of 66 for the flange, 66f, and for the web, 
M , (shown in Fig. 15), the curves of Equation (55) are inserted by 
w \ 
dashed lines in Fig. 10. Both curves are monotonically increasing 
in the whole range where the calculations were made. The flat portion 
of the curve of daf
0
/dN observed for the small crack lengths, 
• 
.. 
• 
• 
• 
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2 af
0
/wf ~0.5, as was discussed by Marek et al, (9) may be caused by 
the unsymmetry of the crack and the ambiguousness of the crack length 
which was measured only on the outer surface of the flange. The shape 
of the crack front changed as the test progressed and became 
statione~y for 2 af
0
/Wf £0.5. In this range, Equation (52') seems 
to be applicable though the value of c' (rv 70) is some-.;vhat larger than 
the value given by (53'). Hertzberg et al(l5) showed that the larger 
ratio of A= K lbK gives the larger crack growth rate (four times 
. max 
larger values of A may give two times of the crack growth rates). 
Comparing Fig. 11 \vith Fig. 15, since A "" /of /:,.0, for the flange Af 
is decreasing from about 4 with the crack length for 2 af
0
/Wf ~0.5, 
this may also have effect to make the curve flat in that range. For 
the web A decreases from about 4.5 with the crack length for most 
w 
of the range. This, together with the ambiguousness of the crack 
lengths, may give the flatness to the curve of the crack growth rates 
(the curved a /w in Figs. 19 and 20). 
wo w 
In Fig. 20, for the sake of comparison, the approximate locus 
of the experimental data obtained by Gopalakrishna(l4) and Hertzberg 
et al(15) for the same steel are shown by the dashed lines. 
5.4 The Interaction Forces 
There have not a·s yet been many works done on the interaction 
between the cracks in structures. 
An interesting analysis on the interaction between the flange 
crack and the web crack has been d-one by Smith et al (l 6) by the use of 
• 
• 
• 
.. 
• 
• 
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the simplified mathematical model composed of lumped volumes which are 
arranged at discrete points. Computations of the force transferred 
after unloading (a = t,a) are made. The results may correspond to 
in this report with t:.a (<cr) replaced by t:.a = a. However, in their 
analysis, although the actual mechanical properties and the average 
residual stresses measured for the beam of the same steel with the 
same dimensions as the beam treated in this report were considered, 
the combinations of the crack lengths of the flange and the web were 
specified arbitrarily. Since the crack lengths of the flange and the 
web may not be independent of each other but be determined uniquely 
by the geometric and loading configuration, the direct comparison of 
the values of interaction forces can not be done . 
It is hoped that the computations of the interaction force will 
be made for the observed combinations of the crack lengths of the flange 
and the web. 
5.5 Others 
By the present analysis, though the experimental data are limited 
and some simplified (or probably oversimplified) assumptions have been 
made, it seems to have been shown that the fracture mechanics technique, 
using the crack opening stretch concept as the strain field parameter 
near the crack tips, may be applied to the structural components with 
cracks which may interact each other • 
.. 
.. 
• 
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Considering the nature of the approximations of the crack 
openings and the stress intensity factors for the web crack by the 
periodic crack problems, described in Section 3.4, the length of 
the web crack may be restricted to be small compared with the width 
of the web (say a /w ~ 0.2). In other words, this may correspond ivO w '"" 
to restricting the shape of the beam to have relatively large width 
The negligence of the translation of the neutral axis of the 
beam on the cracked section after the general yield of the net section 
may not be significant for the case which satisfies the conditions 
mentioned above because the curvature along the interaction centerline 
will remain small during the cyclic loading, unless the loading condition 
is severe enough to make the net section of the flange yield from the 
early stage of the fatigue loading (or unless a is the order of cry). 
However, in a more strict sense, the beam is in the low-cycle 
fatigue condition when a ~~a ~a , it is felt that, for this severe y 
loading condition, the analysis had better be modified and that the 
corresponding experimental data Hill be needed. 
The analysis shows that in the flange the residual stresses due 
to ivelding .may reduce the crack grmvth rates (or ~of). It is hoped that 
the experiments and comparisons of the flange crack growth rates will 
be made on beams Hith residual stresses and beams without residual 
stresses (roll out beams or welded beams with residual stresses 
relieved by heat treatment) of the same shapes under the same loading 
conditions • 
• 
.. 
• 
• 
• 
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When the loading condition is not severe and the beam is under 
the high-cycle-fatigue condition rather than the low-cycle-fatigue 
condition for most part of the test, as the case analyzed in the 
present report, the simplest case, that is, the independent analysis 
of the flange plate with no residual stresses present, may give the 
rough but most conservative estimation of the flange crack growth 
rate • 
• 
• 
... 
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6, SUMMARY 
An approximate analysis for the three-ended crack in a welded 
I-beam subjected to a cyclic bending was done by using the fracture 
mechanics technique, in which as the strain field parameter near the 
crack tips, 6, termed the crack opening stretch is used. 
The interaction between the cracks of the flange and the web 
are estimated by a simple approximate boundary condition that the 
central opening of the flange crack is equal to the edge opening of 
the \veb crack . 
-48 
The experimental data analyzed shows the applicability of the 
method, but the loading condition may not be severe enough as the 
low-cycle-fatigue test in a strict sense, the applicability of the 
method to the low-cycle-fatigue crack problem in the structural 
components may still not be quite clear. Since the experimental data 
are limited, it is hoped that some experiments will be added . 
• 
• 
.. 
.. 
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8. NOMENCLATURE 
Material Constants 
E Young's modulus 
v .Poisson's ratio 
cry tensile yield strength 
crult ultimate tensile strength 
Notations in Fracture Mechanics Equations 
Z(z) Westergaard type stress function 
z complex coordinates, z = x = iy 
a crack size factor 
2U crack opening 
K stress intensity factor for the leading edge stress 
field of a crack 
~ crack extension force 
ry crack size plasticity correction factor 
o crack opening stretch 
Subscripts 
f for flange 
w for web 
Dimensions of Beam Section 
wf width of flange 
W width of web 
w 
2Bf thickness of flange 
-50 
• 
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2B thickness of web 
w 
Bwf = 2Bw/wf 
Bfw B/W VI 
Crack Sizes 
2afo actual length of flange crack 
awo actual length of web crack 
2af analysis model Cry-corrected) crack length of flange 
a analysis model Cry-corrected) crack length of web 
w 
Af 2a/Wf 
A = a /w 
w w VJ 
AEElied Stresses 
cr applied maximum skin stress (uniform tension in flange) 
bJ cyclic range of applied skin stress 
Interaction Forces 
p interaction force for maximum load 
cyclic range of interaction force 
p = 
t,p = 
·crack 0Eenings 
P/(2Bf • 2Bw) 
&/(2Bf • 2B) 
\v 
2Uf(2Uf1 ,2uf2 ,2uf3) maximum opening of flange crack at center 
2u (2U 1 ,2U 2 ,2U 3) maximum opening of web crack at edge w w w w 
2t,Uf(2uf1 ,2t,uf3) cyclic range of opening of flange crack 
at center 
2t,U (26U 1 ,2liJ 3) w w w cyclic range of opening of web crack at 
edge . 
• 
• 
• 
.. 
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v = 
w 
/:,V = 
w 
crW U/(~) 
crW 
u I C ---Y!.) 
w E 
b.CJ w 
t:,U / ( . E f) 
/:,(J w 
N.Jwl ( E f) 
Stress Intensity Factors 
Kf(Kfl'Kf2 'Kf3) maximum stress intensity factor of flange 
crack 
K (K 1 ,K 2 ,K 3) maximum stress intensity factor of web crack w w w w 
/:,Kf(6Kfl'6Kf2) cyclic range of stress intensity factor of 
flange crack 
kf = 
k 
w 
t:,kf 
t:,k 
w 
K/cr /Wf 
K lcr ftC 
w w 
t:,Kfl /:,CJ IWi 
t:.K I t:.cr ~ 
w w 
cyclic range of ~tress intensity factor of 
web crack 
Plasticity Corrections 
rYf maximum plasticity correction to flange crack 
rYw maximum plasticity correction to web crack 
t:,rYf cyclic range of plasticity correction to flange crack 
t:,rYW· cyclic range of plasticity correction to web crack 
Crack Opening Stretches (C.O.S.) 
of maximum c.o.s. in flange 
0 maximum c.o. s. in web 
w 
t:,of cyclic range of c.o.s. in flange 
/:,Ow cyclic range of c.o.s. in web 
-52 
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Residual Stress Distributions ( Simplified) 
Q'f ratio of compressive residual stress to O'y in flange 
Q' ratio of compressive residual stress to O'y in web w 
2b 
rf width of portion under tensile residual stress in flange 
b width of portion under tensile residual stress in 
rw 
web (on tension side) 
Brf = 2br/Wf = af/(1 + Q'f) 
B = b /w = a /2(1 + Q' ) 
rw nv w w w 
.. 
• 
.. 
... 
• 
• 
• 
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(a) Dimensions ot the 
Bea.m wii:h o. 
Three-Ended Cro.ck 
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(b) Stress Distributions 
by Cyc \ ic Bending 
(C) Residua\ Stress 
Distributions 
Simu Ia ted by Simp\ e 
Rectan9u\ar Patterns 
fi ~· 1 The I- Beam with o. Three.- Ended Crac.k 
.. 
.. 
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Co11sistenc~ of Crack Openinqs 
\1 f :::: 'Vw 
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Fi~. 2 C.,rack Openinqs and the \nteraction Force 
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" 
Fig.3 A Cro.ck and Coord\ notes 
.. 
• 
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Basic Patterns Models for Approxi mat\ on 
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+H= +tr )C --Cl ;l ~a ~p 
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w 
I 
-
Z = X -tty 
2 p cos itb j(sin M)2 _ ( · wb )2 
Z(Z) = -· w w Stn w 
W {C · rrz.:)l. ( · llbfJ 1 sm w - 51 '(lwJ "i 1 _ (sin~/ sin~)' 
'7 2 P f - (cosW cos.W?-)'2. 
L(z) = - -arc tan VY · 
1t (cos ~/cos~Y" _ 1 
2. p cos ltb K - - ~w tan'il"C\ w 
w w Jc . 1ta)2 c . 'U'b)' SlY) W - SlOw 
· \J(o,o) = ~~ arccosh ( ::~! j 
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